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CHAPTER I . IIH?RODUGTIOK
Methods of teaching are constantly changing. Changes are
being made in the content material of all courses of study.
1
Ballard in the preface to his book refers to the subject
matter taught and says, "The only conclusion I can come to is
that textbooks are too good for the pupils. The arithmetical
fare we offer them is ill-suited to their digestions; it is
either too rich or too much, ^at we need is a simpler diet,
a diet which they can manifestly turn into sound bone and
muscles, a diet for which a keen appetite is the best sauce.
From what I can discover the appetite, at present, is none too
good .
"
2
In the early days most subjects were taught deductively .
A definite rule was given, then much practice in following the
rule. Not very much thought was given to having a child under-
stand the "why" of a situation. If an answer could be given in
3
"parrot form”, it was considered excellent. Colburn is the
father of the inductive method in arithmetic. In arithmetic it
seemed to fit the situation better than the deductive method.
To see practical uses for the various rules and then to gener-
alize seemed to be a more logical way to proceed. A wise use
of both methods will probably bring best results. However, it
is easier to begin inductively and later, when maturity re-
quires it, use the deductive methods.
1 Ballard, Philip B. Teaching the Essentials of Arithmetic.
University of London Press, London, iy28, pr¥face X.
2 Monroe, Walter . "Development of Arithmetic as a School
subject" Department of Interior, Bureau of Education Bulletin
1917, No. 10: 93, 125.
3 Monroe, Ibid 85.
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4
Ballard
,
in Chapter III explains that even adults do not
know the reasons for many of the rules they follov;. "People
use the rules of arithmetio as arbitrary modes of procedure:
they do not indulge in the luxury of explaining them." At one
lecture which he gave before a group, a bishop seemed very
attentive, particularly when he described and explained the
various procedures in subtraction. After the lecture the
bishop spoke to Mr. Ballard and explained that he had never
known the reasons for doing the things he did when subtracting
and seemed pleased to know that there were definite reasons to
explain the situation. Reasons for doing what we do, in arith-
metic, should be explained as early as possible. It is not
necessary that a child go through the whole reasoning scheme
each time he uses the process, but at some time, it should be
explained, that he may appreciate and see through the whole
scheme. Deferring the beginning of the study of arithmetic
facilitates the development of the child's judgment and under-
standing. It should probably be deferred until grade three.
Understanding all this, v/e still cling to much of the tradi-
tional and close our eyes to the facts which would help to
change all this.
There are two articles in the "School Science and
Mathematics" magazine trying to give the "why" of some of our
5
fraction processes. Dickey describes, giving various examples
and tells how this process, the division of fractions, may be
demonstrated by cutting up pieces of paper. He says, "In
4 Ballard, Op. Git.
5 Dickey, John W.: "\Thy Invert and Multiply." School Science
and Mathematics. 36: 299-302 Mar. 1936.
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conclusion, the answer to the why of the inversion of the
divisor and of the change of operational sign in the division
of fractions, is, that it renders the denominator common and
non-effective and places the numerator in an indicated
6
division.” Spear has a method of working with fractions
called the ’’unity method”. This he develops even into or
through the teaching of algebra, to give reasons for doing the
various tricks necessary to get the proper results.
7
Guiler attempted to find a method of improving ability to
work with fractions. A standard test was given, and the
results analyzed. Later, after v/orking for improvement, this
test, in a different form, was given again. Among his con-
clusions he states the following: "Pupils in each grade varied
in mastery of the field and specific uses of fractions; wide
individual differences in the amount of improvement; and marked
improvement in ability to use fractions may be expected from a
remedial program which discovers individual weaknesses and then
provides instruction and practice definitely suited to the
pupil’s needs." From the reading of these articles and many
others, it is safe to assume that further consideration needs
to be given curriculum material. Worry over fractions dis-
appears if the modern viewpoint is considered.
An effort to find the reasons for the common errors found
8
in working with fractions v/as made by Olive A. Kee in her
master’s thesis. After analyzing each paper and listing for
each process, the reasons for the failures to get the correct
Spearj Joseph: "Mathematics - To Reason Not Just To Do.”
School Science and Mathematics. 38: 402-410 Apr. 1938.
JiiiS*4bi.litjg|n Fractions."Guiler, Y/alter 3.:
Mathematics Teacher. 291 23S-24U May 1936.
8 Kee, Olive A.: "An Analysis of Errors in Operations With
Common Fractions” Master^ s thesis 1927.
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answers, she gives the following outstanding errors:
General confusion of rules 39.6^
Failure to reduce 14.2^S
Substitution of another process 30.6?5
Frrors in changing to common denominator 4.4^
Right process started, definite error traced 11.2^
This study was made in 1927, several years before Dalrymple^
worked on his study of fractions used most commonly in business
and life. General studies by Wilson, V/ise, V/oody, and Charters
10
looked toward the saroe goal. This story has been adeq.uately
told elsev/here
.
Dalrymple studied the fractions used most commonly by
Sears Roebuck & Company in its various departments, S. S. Pierce
Company, United Drug Company, Jordan Marsh Company, Statler
Hotel, Copley Plaza Hotel, financial pages of the Boston
Transcript, and the First National Bank, all of Boston,
Massachusetts. These companies are varied enough to include
all industries. In his conclusions he states that previous
studies found fractions over sixteenths could be profitably
eliminated. This study concludes that fifths, sixths, sevenths,
ninths, tenths, elevenths, thirteenths, fourteenths, and
fifteenths seldom or never occur; even eighths and twelfths
occur only in specific situations and not in combination with
other fractions. Dalrymple went on to discover to some extent
what relationship might be found between units of measurements
and fractions. Of the 20,641 fractions studied in the Sears
9 Dalrymple, C. 0.: "Fractions of Business and Life."
Doctor *s dissertation, 1933.
.0 Wilson, Guy M.: What Arithmetic Shall We Teach . Riverside
Press, Boston, 1926 84-104.
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Roebuck & Company, 1/2, 1/3, 1/4, 3/4, 1/8, 3/8, 5/8, 7/8
comprised 94.2E9>o of all. The most important units of measure-
ment or items to which fractions were applied were inch, size,
number, wool, yard, foot, paint, c^uart, ounce, pound, horse-
poT/er, cent, carat. These represented 97.785^ of all the
different times such fractions may have occurred. Thus, he
says, drill should be eliminated on the more difficult frac-
tions and centered on halves, quarters, and thirds in simple
situations.
11
Shea then made a study of the fractions used in text-
books. He concludes that all textbooks "carry fractions much
beyond usage, leading to waste of school tine or useless and
unnecessary discouragement and failure." Comparing the frac-
tions as counted and used in these textbooks with Dalrymple^s
study. Shea says that the Hoyt-Peet "Hew Everyday Arithmetic",
the best in his list, goes far beyond Dalrymple's findings.
Keeping in mind these fractions which have been found to
be used to the greatest extent and the causes of common errors
in working with fractions, two definite plans of attack in the
teaching process may be formulated to introduce this work. The
one most commonly followed is the manipulative method, the
using of a textbook, not deviating very much from v/hat it pre-
scribes. The other plan is suggested by Dr. Wilson in an
12
article by '.Yilson and Dalrymple entitled 'TJseful Fr-actions".
It says "indications are that this simple program of mastery in
fractions can best be accomplished through an objective,
11 Shea, Joseph 3.: "Frequency of Occurrence of Fractions in
Seven Textbooks." Master ^s thesis 1934.
12 Wilson and Dalrymple: "Useful Fractions" Journal of
Educational Research. 29: 347-354 Jan. 1937.
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non-manipulative procedure. Any further program should be
entirely informational.”
In this study these two methods of teaching fractions will
be used; the results compared, as a group and individually,
noting the kinds of errors, and in v/hich situation they more
often occur.
Since our school system, a town near Boston, uses the
book ”I<Iodern School Arithmetic” by Clark, Otis, Hatton the
work presented to the class will follow this as closely as
possible
,
c
CHAPTER II. I'lETIiOD OF PROCEDURE
Introduction
In doing the work for this study, fractions were taught in
two different v/ays to two separate classes. 'Tnese children
v/ere paired and grouped for analyses of their work. For this
grouping the National Intelligence Tests were given. Not only
the children's mental age and intelligence v;ere considered,
hut also their home environments and the background of nation-
ality and education. These were paired as equally as possible
with a limited number of children.
The work followed the method presented in the textbook
used in this school system, since it is from the examples in
this book that the tests v/ere made by the supervisor. Ilany
fractions were used which, in former research v/ork, have been
found to be of little or no value. These were presented to the
class as ” just-for-fun v;ork'\ as much of it may never be used
in later life.
Manipulative Method •
During the school year 1957 and 1938 fractions were
taught, subjectively and nanipulatively
,
in the regular stereo-
typed manner. The textbook, as to method of teaching, was
followed closely and the fractions v/ere taught as abstract
nur:ibers to be manipulated and v/orked with according to pre-
scribed rules.
In order to add fractions-
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X.... ,
.. J V-
-V- \^-..
1
-i
(* ’.
'
=
-7- . ti» ^ *j-r %
T. riucr: o o5H ‘%>y aoi/i ;s:,i .it
.
:
nt Jjt jJsJ 4i£»t7 ©ii'j.^
:nioY/ ecd- :
.i tcJS tiX
F
£Ol
;
‘
U!
pi'
ne^X)Ixiiy ©at-r!!
.^.ecaBlc e j^Tisqt a or u ,.£-r ’•
(>/ ai. j •ic'i .'X-Xcrf-Iienj to eo^xlBna xct beqsjo-^: bi\^- \
1
^" -^ILTO jo:i . avr- ©-tvw ook 5,^. 2 II yjul Ib-oIJe.I ol) tniquozi: '
^
,Z)fe'xe'oi:&aoo aritv:
:.x;a ogs lutn^xir e'iiaxbiiJo 9x{j p‘
'.
-.iwX^cn to i'/x^ci: :ioo^ 2 .t .3 f.
x
i-rriaonivMo e»;W’ ^ 2 ©*.^ oafs ^ird -i
elcfleeox gj ait psy ae aii^w -£?;g7 .aLi^ttOi.ra :bna ^?2Io
'tAj'
j»
• ittiA/ii-O Mny-iJA iD^Jniil ii xl^xv.'
>(cociuu:f (jeJ i:i‘ tjoj CjoxIjo.. exu Ii©woIXct ;{*o.- &JT
I
'
.1
, 2 ...: ^r faar 1
•I
‘
‘i
•1
4 T
• V X''G 1J ._^:,rt3
;. t,;jt^j u*i; c^J I- oj c./O *-
nt.«i vV; :'
..V.rnr. / c ikii.'sT onio? uv ' .tiiiAr-.^fcat
.aist- utoj^cnf: '
’ c.’f a-j bi jf'.'t.tv., •.,„• s;io.t’ .arn^ iv ^ ‘.S.}};.1 lo sd tj irU’.i
j
'
I iir..i.'
-oven
-,a:. J.‘
-to it ,-. x: i ,";-;o-l ^IIjA-WI’- A. " «.3 ‘*ii2;^ ' '
V
,
.
-i,.I
-i
f-v l ai:
/
i.Ju i /uij'.t 3C^?X C“G VC- I les,; log.’ OL j 2? . >. u:G
'
•Ulx-^o: n; / If vf Jt-Xi, ^ V, ''I;v:ij;.{/ :.:.2.«i.-
a»rx
,
G 2 xitG'^ 3’-'l-j 02 ROf . -.. wuIj.wL.; aulV . .., • 1
- 11.1 ! - ... j.-iir j i-tar, E.iai)or-/i 9r.d i.'.e . a I
. ucfoXIol i
3'
1
^’
uj X'y X-vi'TCS t*L.B bSj &li G*19 t JlTr^ ^
*/ 1 &G<J27oe
» •' y
.
-eacIlD/'-n ti)3 ot’ , ::t p
X;Oi i..c-o fc fjj rx»i-.Trfi.fo. oc/ 2er2*x f
% r
'
KW»
k
f
n • ' : r ^ 0
k V
fLit i.** • tV « i^f. . . a
-8-
denoninator
2. only n-ainerators are added
3. results are considered as to whether they
should be reduced or changed to a nixed
nuiaber, then reduced
4. then, the whole numbers are added
5. the composite results are obtained.
An example of this is 6 1/4 1/4
7 1/E 2/4 Answer 18 1/2
4 3/4 3/4
18 1/2 ^ = 1 2/4 =1 1/2
In the same manner subtraction was taught, nlien sub-
tracting mixed numbers where borrowing was concerned, diffi-
culty was always encountered. A few children had to be drilled
and drilled on these facts: that, in such an example-
3 1/2 2/4 2 6/4
-1 3/4 3/4 1 3/4
1 3/4
1. change to a common denominator
2. can you subtract 3/4 from 2/4? llo.
3. borrow 1 from the whole three leaving 2
4. change borrowed 1 to 4/4
5. but we already have 2/4, so 2/4 and 4/4
is 6/4
6. therefore we now have 1 3/4 to be sub-
tracted from 2 6/4.
Steps 4 and 5 were only mastered by rote except by a certain
few. They could see no reason for doing it except that the
teacher said it was the proper thing, and by doing this, the
correct results were obtained.
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Mult iplicat ion proved to be a reversal of all rules
already taught. First, the child learned to change everything
to the sane denominator before trying to further manipulate the
nurabers, now he finds it not necessary. To multiply a fraction
by a fraction is the easiest of all the fraction processes.
The children must learn all the various multiplications as
separate steps, such as, a whole number times a fraction, a
whole number times a mixed number, and so on, and a set of
rules for each. The child must recognize each setup and know
what rules to use when each occurs.
For many, cancellation proves to be a V/aterloo. YJhy it
should be necessary to cancel a numerator and a denominator is
beyond comprehension when the two numerators or two denominators
can be canceled so much more readily I
Division, being the last of the processes taught, involves
more hazards than the other three processes. Should these be
changed to common denominators, should they be multiplied, or
must the new set of rules, of inverting before multiplying be
applied? If it is necessary to invert, which must be inverted
or are both inverted?
In following the manipulative type of teaching, the rules
are set up and each example is first classified as to which set
of rules is to be used, then these rules are applied and the
results are obtained.
Objective Method
During the school year 1938 and 1939 fractions were taught
I
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object ively and non-manipulat ively . By this is meant a method
of teaching whereby the child is taught how to think through
each situation and is thus enabled to see through each process
step more readily.
Fractions were introduced, in our school system, in the
third grade. ’iThen a child learned the story of 2 x 5, 5x2,
2 )^, 5 )10i he also learned 1/5 of 10, and 1/2 of 10. He
learned this for every combination. In the fourth grade,
fractions were studied further. The children learned to add
such combinations as 1/2+ 1/4. They also learned to find 3/4
of, 2/3 of, 4/5 of numbers.
In the fifth grade, an attempt was made, the first of the
year, to give them a comprehension of v/hat fractions are and
what they mean. The first lesson was a discussion of the uses
of fractions by their parents. It was found that they were used
only occasionally. Then a discussion followed as to why the
fifth grade should study and be able to think through the
processes using fractions. As in the previous class, it was
decided to study these fractions ’’just for fun” and if an
occasional use was found for them, so much the better. Iv^uch
interest was shown. The class was told that this was an
experiment to see if they could reason through the fraction
work easier v/ith this nev/ way we were going to try. They were
also told that the results of their lessons were to be com-
pared with the results obtained in the previous class which was
now in the sixth grade.
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Succeeding these lessons, we had several review lessons
reminding the class of the things they already knew. Before
studying any of the fraction processes, we had many lessons
coloring in parts of pictures of fences, pies, etc., comparing
the parts of each as to size, and, in as many ways as possible,
giving a concrete meaning for the words-”whole number,"
"fraction," and "mixed number." Lessons which pleased the
class a great deal and seemed to give them an insight into what
fractions were, were the actual "cutting-and-comparing lessons."
Demonstrations, using one apple or a bar of candy, had been
made, but the children wanted to do some of this actual com-
paring themselves.
Two papers with twelve dittoed circles were given to each
member of the class, also a few pieces of arithmetic paper.
The circles were cut out and called pies. Some of them were
left whole, others were cut into halves, quarters, thirds,
eighths, and one was cut into sixteenths. Each child kept his
own in an envelope, to refer to at any time he wished. In
order to show that halves were not always the same size, we cut
up the arithmetic paper in the same way. Thess were used as
puzzles; quarters were compared with halves, eighths, sixteenths
and so on
.
Addition of fractions was taught in this same way. Apples,
oranges, bars of candy, pies, pictures of fences, and many other
articles were actually used and put together. One or two illus-
trations may show the way in which these were used v/ith the
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children. By demonstration, one bar of chocolate was left
whole, others v/ere broken into sections as l/3»s, 1/4 ^s and so
on. The various fractional parts were fitted together and
compared with the unbroken bar of chocolate. Different frac-
tional combinations were experimented with. The children
found that sometimes they got, as a result, more than the size
of one bar and sometimes less. After these class demonstra-
tions, the children, in their spare time, took out their own
pies and papers and played vath them, fitting various pieces
together, comparing v/ith the uncut pieces to see what they had
as a result.
Subtraction was taught in the same way. Y/hen it came to
borrowing in subtraction, no one had any difficulty seeing why.
^Then it was necessary to take 11/2 from 5, five circles were
placed on the desk in front of each child. In order to do the
subtraction one of these whole ones must be cut in halves.
That made four whole ones and two halves. After subtracting,
there were 3 1/2 left. The harder borrowing subtractions, as
to take 1 3/4 from 2 1/2, were demonstrated by cutting up one
pie into fourths, doing the subtracting, and then studying the
results. The answer is 3/4.
Before going on to the multiplication lessons, I intro-
duced the terms '’finding common denominator,” ’’reducing frac-
tions,” ’’changing to mixed numbers,” or ’’changing to improper
fractions.” No drill v/as given on any of these, but each child
was led to understand the meaning of each.
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The mult iplioation process offered some difficulties.
Instead of using our pies for this, we used money in half-
dollars and quarters, and yard goods in halves, quarters, and
eighths. These were all presented in problem form, as- "If
six children were given 1/4 dollar to spend, how much would
they have all together?" or- "Ivlother wants to make "sister
dresses" for Joan and Mary. She needs 27/8 yards for each.
How much cloth will she need to buy for the tv/o dresses?"
Later we used our pies to find 1/2 of 1/4, 1/4 of 2/3, etc
by actually cutting the sections into pieces that made the
solution possible, as v/e iiad been told, and comparing the
results with a whole one, or with the parts we already knew,
to see what we had. Pupils soon saw that 4ths of 3ds called
for 12ths.
Division was the riardest of all to demonstrate. Such
examples as- "If I had 3/4 of a pie and 6 people came to dinner
hoY/ much of a pie would each person eat?" (3/4 + 6=1/8)
or- "If I had 3 apples and I wanted to give each person 1/2 an
apple, how many people could I serve?” (3 ^ 1/2=6). The
yardstick was used to figure- "If I had 2 yards of cloth and I
wanted to make towels 3/8 yard long, how many could I make?"
(2 i- 3/8 = 5 1/3) .
The objective group has manifested far more interest in
arithmetic than any of the fifth grades for a long- time.
Testing for Results to Compare
In October of both years a similar test was given. These
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included finding parts of nimbers and changing fractions to
larger denominators. All of the examples in the various tests
were taken from the textbook used in our school system.
Copies of these tests will be found in the Appendix, pp. 81.
Since addition and subtraction processes had been taught
by the end of February, a test on these, made up of examples
given in the textbook, was given the latter part of the month.
The same test was given to both groups.
In the early part of May a test was given including all
the processes using fractions. These examples were all taken
from a page entitled ”A Fraction Review.” A copy of these
tests will be found in the Appendix, pp. 83.
In order to find how much each group carries over into the
next grade and how quickly they relearn the fraction work, two
tests were given after each class entered the sixth grade, and
again in the seventh grade, one in October and one in December.
These included all kinds of examples using fractions. The test
given in October included some examples that might be considered
less useful fractions. They are very similar in form and v/ill
be found in the Appendix, pp. 84, 85.
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CHAPTER III. A COI£PARISON OF RESULTS
Grouping
The grouping of these children for ability is shov/n in
Table I. The manipulative group ranges from an I.Q,. of 119 to
76 with a median I.Q,. of 105, and a mean I.Q,. of 103.04, v/hile
the objective group ranges in I.Q,. from 120 to 73, median I.Q.
104 and mean I.Q. 102.67. The median Chronological Age (G.A.)
of the manipulative group is 10 years 51/2 months, while the
median C.A. of the objective group is 10 years 7 months. The
mean C.A. of the manipulative group is 10 years 71/8 months,
and of the objective group is 10 years 8 5/8 months. The median
Mental Age (M.A. ) of the manipulative group is 10 years 10 1/2
months, the mean Mental Age 10 years 10 7/8 months, while the
median M.A. of the objective group is 11 years and the mean M.A.
is 10 years 11 7/12 months.
Result s
Table II, listing the children in each group in the same
order as in Table I, shows the scores in the first testing in
October. The median of both groups was 100, v/hile the mean of
the manipulative group was 92.42^ and the mean of the objective
group was 94. 75^^. The standard deviation of the manipulative
group was 10.52 as compared with 9.23 in the objective group.
In both groups, the score ranged from 100 to 60, a variation of
40 points, while 13 (54.175^) in the manipulative group had 100
and 14 (58.33%) in the objective group had 100.
Figure la shov/s the distribution of scores in the October
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Table I showing the pairing of the two groups, manipulative
and objeotive, based upon ohronological age (G.A. ), mental age
(IJ.A. ) , and intelligence quotient (I.Q. ), together with summary
data on the two groups.
Manipulative Objective
0 .ii* M*A* l.Q,. G.A. M .A • l.Q,.
Marie 10- 8 12-11 119 James 10- 7 12- 9 120
Richard M 9-10 11-10 118 Carolyn 10- 3 12- 2 119
Carol G 10- 4 12- 2 116 Robert 10- 5 12- 4 118
Ingrid 10- 6 12- 3 115 Kathryn 9-11 11- 7 117
James 10- 9 12- 5 114 Donald 10- 6 12 114
Robert B 10- 2 11- 7 113 Craig 11- 2 12- 2 109
Betsy 10- 7 11-10 111 Virginia 10- 8 11- 6 108
Betty
.
10 11- 3 111 Mary 10- 6 11- 4 108
Barbara 10- 4 11- 3 108 Gilbert 10- 3 11 107
Marjorie 10- 2 10-10 106 Thelma 10- 3 11 107
Verne 9-10 10- 4 105 Dorothy 10- 10 11- 6 106
Richard H 10- 4 10-11 105 Barbara 10- 7 11 104
Eleanor 10- 5 10- 7 101 Henry 10- 6 10-11 104
Phyllis 10- 3 10- 4 101 Phyllis 10- 2 10- 7 104
Florence 10- 7 10- 5 99 Newton 10- 3 10- 5 102
Louise 11- 2 11 99 Russell 10- 6 10- 7 101
June 10- 8 10- 4 97 Myron 11- 5 11- 5 100
Allister 11- 3 10-11 97 Herman 11 10-11 99
Robert 3 10- 3 9- 8 95 Nadine 11- 2 10-11 98
Thomas 10-11 10- 4 95 John 11 10 91
Regina 10- 8 10 94 Curtis 11- 2 10 90
Kenneth 10-11 9- 8 90 Margaret 10- 9 8-11 83
Carol 11- 6 10 88 Marshall 12- 3 10 82
David 12- 2 8-11 76 Frederick 11- 2 8- 2 73
G.a. M.A. C..L. M.A. I.q.
Median 10-5i lO-lOh 105 10- 7 11- 0 104
Mean 10-7^ lO-lOV^ 103.04 10- 8% 10-11/^ 102.67
Number of boys 9 14
Nuraber of girls
Total 24 24
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Table II showing the scores of the two groups
,
manipulative
and objective, in the first testing in October, together with
sunnnary data.
Manipulative Object ive
Marie 100 James 100
Richard M 80 Carolyn 96
Carol C 100 Robert 90
Ingrid 90 Kathryn 100
1
James 100 Donald 90
Robert B 100 Craig 60
Betsy 100 Virginia 88
Betty 100 Mary 88
Barbara 90 Gilbert 100
Marjorie 100 Thelraa 100
Verne 100 Dorothy 100
Richard 100 Barbara 100
Eleanor 80 Henr^^ 98
Phyllis 99 Phyllis 100
Florence 100 Newton 100
Louise 80 Russell 80
June 60 Myron 86
Allister 90 Herman 100
Robert S 100 Nadine 100
Thomas 80 John 100
Regina 90 Curtis 100
Kenneth 79 Margaret 98
Carol P 100 Marshall 100
David 100 Frederick 100
Mean 92. 42 94.75
Median 100 100
Q1 100 100
q3 85 90
S.D. 10. 52 9.231 CD o H) Pupils 24 24
Difference in means 2.33
Difference in S.D. 1.29
Difference in 0,3 5
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Figure la. Graphic representation of Table II, showing on
October, 1937, the distribution of scores in the manipulative
group, together v/ith the summary data.
Mean 94.75
Median 100
Q1 100
0,3 90
°]o perfect 58.33
S.D. 9.23
Number of pupils 24
Figure 1'
October. 1938
b. Graphic representation of Table II, showing on
. the distribution of scores in the obiective
group. •together with the sumraary data.
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test in the manipulative group. It is read ”13 made scores of
100, 5 made scores from 90 to 99,” and so on. Figure lb shows
the distribution of scores in the October test in the objective
group. It is read in the same way as figure la.
In comparing these two figures, the medians are the same,
while the objective group shows a 2.33^;o advantage in the mean
score. The first quartiles of both remain at 100, while the
third quartile in the manipulative group is 85, five points
lower than the 90, the third quartile of the objective group.
The difference in the standard deviation of the tv/o groups is
1.29.
Table III lists some of the examples from each group and
the errors roade in doing them. Those occurring most often and
common to both groups are:-
To find only one part when several parts
were asked for, i.e., 2/3 of 15 is 5.
Inaccuracies due to the fact that the
combinations are not known v/ell enou^,
as 5/6 of 24 is 15, 1/6 of 24 is 3,
5/6 of 24 is 5 X 3 or 15.
Similar mistakes occurred when changing
3/4 to /12, 12 4 equals 4, 4 x 3 is
12, 12/12; or 3/4 equals 2/8 instead of
6/8 .
Table IV shows the scores in each group in the February
testing. The median of the manipulative group was 80, while
the mean of this group was 84.17. The median of the objective
group was 90, while the mean was 85. The standard deviation
(S.D.) of the manipulative group was 11.15, as compared with
16.43 in the objective group. The scores in the manipulative
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Tat)le III listing the kinds of errors found in the tiwo
groups, manipulative and objective, in the October test.
Manipulative
2/3 of 15 equals 6
2/3 of 15 equals 5
5/8 of 16 equals 2
3/4 of 16 equals 4
1/2 of 18 equals 6
5/6 of 24 equals 4
3/4 equals 12/12, 9/16
5/6 equals 8/12, 9/12
1/3 equals 5/12
Objective
5/6 of 24 equals 4
5/6 of 24 equals 15
3/6 of 18 equals 3
7/8 of 32 equals 4
2/3 of 213 equals 71
2/5 of 25 equals 6
3/4 equals 2/8
7/8 equals 14/24
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Table IV shov/ing the scores of the two groups
,
manipulative
and objective, in the February test, together with summary data.
Manipulative Objective
Marie 100 James 100
Richard M 100 Carolyn 80
Carol G 100 Robert 60
Ingrid 80 Kathryn 90
James 80 Donald 90
Robert 80 Craig 90
Betsy 90 Virginia 80
Betty 80 Mary 50
Barbara 100 Gilbert 100
Marjorie 90 Thelma 90
Verne 70 Dorothy 100
Richard H 100 Barbara 90
Eleanor 90 Henry 100
Phyllis 80 Phyllia 100
Florence 90 Newton 100
Louise 90 Russell 70
June 60 Myron 90
Allister 70 Herman 90
Robert 3 80 Nadine 70
Thoma s 80 John 100
Regina 70 Curtis 90
Kenneth 90 Margaret 40
Carol P 70 Marshall 100
David 80 Fred 70
Mean 84.17 85
Median 80 90
OX 90 100
0,3 80 75
S.D. 11.15 16.43
Number of Pupils 24 24
Difference in means .83
Difference in medians 10
Difference in Q,1
Difference in ^3
Difference in 3 ,.D.
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Mean 84.17
Median 80
Q1 90
Q3 80
% perfect 20.83
S.D. 11.15
Number of pupils 24
Flgure 2a. Graphic representation of Table IV, showing
on the February test, the distribution of scores in the
manipulative group, together with summary data.
Mean 85
Median 90
01 100
03 75
% perfect 33.33
S.D. 16.43
Number of pupils 24
Figure 2b. Graphic representation of Table IV, showing
on the February test, the distribution of scores in the
objective group.
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I
group ranged from 100 to 60, a variation of 40 points, while
the scores of the objective group ranged from 100 to 40, a
difference of 60 points. In the manipulative group there were
five 100 »s (20.83%) and in the objective group eight 100 ’s
(33.33%)
.
Figure 2a shov/s the distribution of scores in the February
testing in the manipulative group; five pupils had 100, six
pupils had 90, eight pupils had 70, one pupil had 60. Figure 2b
shows the distribution of scores in the February test in the
objective group; eight pupils had 100, eight had 90, two had 80,
three had 70, one had 60, one 50, and one 40.
These low marks in the objective group may be explained in
this way. An epidemic of grippe v/ent through this class in the
months of January and February. During three of these weeks,
the attendance was extremely poor. Two of the weeks, only 16 or
17 pupils attended school; during the other week, 9 or 10 pupils
attended. TThen it was suggested that it was time for the
February test, the class seemed very ready for it, but as the
results show, a few of the children had not understood the work
well enough to get passing grades.
\?hen comparing figures 2a and 2b, the median, 90, of the
objective group was 10 points higher than the median, 80, of the
manipulative group, Vi^ile the objective group shows a .83
advantage in the mean score. The first quartile of the objec-
tive group is 100, 10 points higher than the first quartile,
90, in the manipulative group, while the third quart ile of the
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objective group, 75, is five points lower than the third
quartile, 80, in the manipulative group. The difference in the
standard deviation of the two groups is 5.28.
Table V lists some of the errors common to both tests in
order of occurrence. More mistakes v/ere found in the subtrac-
tion examples than in the addition. The mistake occurring
most often in this test was the failure to reduce the answer to
lowest terms. This mistake should be of little concern. The
errors due to lack of drill in the addition and subtraction
facts are the most important and should be given the most
attention.
The final test for Grade 5 was given the latter part of
May. Table VI shows the scores in each group, together with
the summary data. The median of the manipulative group was
82.5, while the mean of this group was 74.88. The median of
the objective group was 91.5, while the mean v;as 87.33. The
standard deviation (S.D.) of the manipulative group was 21.56,
as compared with 11.80 in the objective group. The scores in
the manipulative group ranged from 100 to 17, a variation of
83 points, ?/hile the scores in the objective group ranged from
100 to 61, a difference of 39 points. In the manipulative
group there were no 100 *s, and in the objective group six 100 »s
( 25^;) .
Figure 3a shows the distribution of scores in the May
testing in the manipulative group; three pupils had scores
between 95 and 100, six pupils had scores between 90 and 94,
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Table V listing the kinds of errors found in the two
groups, manipulative and objective, in the February test.
Addition
1. Failure to reduce answers
2. Incorrect addition of nurabers (Did not know
number facts)
3. Such mistakes as 2/5 equals 2/10 instead of
4/10
4. Failure to carry whole number
Subtraction
1. Failure to reduce answers
2. Failure to borrow, just bringing down frac-
tions, as 5 - 4 2/3 equals 1 2/3
3. Not changing to comraon denominator properly
before borrowing, as 1/2 and 4/4 equals 5/4
4. Adding fractions and subtracting v/hole
numbers
5. Subtraction number facts not knovm
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Table VT showing the scores of the two groups
,
manipulative
and objective, in the May test, together with summary data.
Manipulative Objective
Marie 97 James 100
Richard M 94 Carolyn 100
Carol C 93 Robert 78
Ingrid 94 Kathryn 100
Jane s 98 Donald 94
Robert B 43 Craig 100
Betsy 52 Virginia 100
Betty 60 Mary 94
Barbara 82 Gilbert 94
Marjorie 98 Tlielraa 89
Verne 64 Dorothy 100
Richard H 94 Barbara 94
Eleanor 68 Henry 83
Phyllis 88 Phyllis 72
Florence 78 Newton 89
Louise 93 Russell 83
June 64 Myron 83
Allister 43 Herman 83
Robert S 83 Nadine 78
Thomas 64 John 94
Regina 50 Curtis 94
Kenneth 17 Margaret 61
Carol P 93 Marshall 61
David 87 Frederick 72
Mean 74.88 87.33
Median 82.5 91.5
'5,1 93.5 97
0,3 62 80.5
3.D. 21.56 11.80
Number of Pupils 24 24
Difference in means 12.45
Difference in medians 9
Difference in 0,1 3.5
Difference in <03 18.5
Difference in S.D. 9.76
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100 94 89 84 79 74 69 64 59 54 49 44 19
Figure 3a. Graphic representation of Table VI, show'
test, the distribution of scores in the manipulative gro'
with summary data.
M
Mean 74.88
Median 82.5
Q1 93.5
Q3 62
% perfect 0
S.D. 21.56
No, of pupils 24
g on the May
,
together
Mean 87.33
IVbdian 91.5
Q1 97
Q3 80.5
% perfect 25
S.D. 11.80
No. of pupils 24
95- 90- 85- 80- 75- 70- 65- 60-
100 94 89 84 79 74 69 64
Figure 3b. Graphic representation of Table VI, showing on the May
test, the distribution of scores in the objective group, together
with summary data.
it
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two had scores between 85 and 89, two between 80 and 84, one
between 75 and 79, one betv/een 65 and 69, four between 60 and
64, two between 50 and 54, tv/o between 40 and 44, while one had
a score between 15 and 19. Figure 3b shows the distribution of
scores in the May test in the objective group; six pupils had
scores of 100, six pupils had scores between 90 and 94, two
pupils had scores between 85 and 89, four between 80 and 84,
two bet'ween 75 and 79, two between 70 and 74, and tY;o between
60 and 64.
l:7hen comparing figures 3a and 3b, the median, 91.5, of the
objective group v/as 9 points higher than the median, 82.5, of
the manipulative group, while the objective group shows a 12.45
advantage in the mean score. The first quartile (0,1) of the
objective group is 97, 3.5 points higher than the first quartile
93.5, in the manipulative group, while the third quartile (Q3)
of the objective group, 80.5, is 18.5 points higher than the
third quartile, 62, in the manipulative group. The difference
in the standard deviations of the tv/o groups is 9.76.
Table VTI lists some of the errors comiaon to both groups
in the May test.
There were more mistakes in the multiplication and division
examples than in the addition and subtraction. The same errors
seem apparent in this test as in the previous ones:
The failure to reduce the answer to the lowest
terms
Incorrect multiplication, addition, subtraction
or division
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Table "^/TI listing the errors found in the tv/o groups,
manipulative and objective, in the Hay test.
Addition
1. Using incorrect common denominator, as ?/5 and
?/2 using ?/5
2. Failure to add v/hole numbers
3. Copied example incorrectly
Subtraction
1. Failure to reduce answer
2. When subtrahend fraction greater than minuend,
forgot one had been borrowed from whole number.
3. Copied incorrectly
Multiplication
1. Example left out entirely
2. Lack of accurate knowledge of division facts
(when canceling)
(when reducing)
3. Lack of understanding of entire process
4. Lack of accurate knowledge of multiplication
facts
5. Adding numerators instead of multiplying
6. Copied example incorrectly
7. Changed improper fraction to mixed number
incorrectly in answer, as 5/4 equals 5 1/4
8. Did wrong process, added instead of multiplying
Division
1. Inverted dividend instead of divisor
i cv.^ rL'J- ii.t btijxj'i fc'tol'is ecJ- irv fLrftT
1
.
--sj :>r't az .eviJ-ceLc^t; vffe ivsiiiluqlnz&
’
1
4
i
i\ji^lbbj-i
^n.. c\t e . ’o^f'il:'Oi'sjr j .0 ^oij'i'ccoifl
5\'? .;ji.t£:jJ
o'lt-J' .rr fclci^f 6f)e ot o’iijl
&iqRs>xo behtd'C
•ifeviicjii' Q£.ui>B': c;
. L-ue'Jiiii:' r;c- -t Tt nJliOfTl ofif £\b'J.3o.i 6 ricxi
.
. ' ;d. jc: 1 I. v 0*^*1 tcWOTCod i.Lfjr: bsrl o-’v ‘xo'*
,i iO:3*x*iofti.i beiuov
,
V if[,
lotievixqisnr:
>--1 ^
^ ^
-
,-.‘b'*;^drd :: j .lol
£
I
'
• L rf»t ? tud* vtb c; ; eif > n oob Vo -u
( y-z i I©^-r.
)
( Jilt!- o'Z aeyi.. j
o" f jflt- 'lo Vv ixC-;. ’
)
iIc-HuflR ' XJL(Xw: i:.’ dj T! oon 'Ic
K J & »lV
:
i > lo bu- jt;:.;. *:'*cX£ 'fF'.i! a gniXil
\:I.tLd i*i ;ri.j. tLzarxc hei ici-
'x^ii '^ra ^:cj.. wi nr t>Of : : "sco'zqrU:
2 E
,
v ; 'fi T* ^IJoci'^co; -
' • '
•• -.XuloiiJ li-; bi^ti j.HilX ,tt: JOCltl 5)i.C!.V'
t
I flOJtfci'^XC
II loai^ jb io bp.t-jsni bs^^tvlb
t
'T^"
- ----- ^
1
»
.1
-30-
Table ''/II (Continued)
2. Reduced answer incorrectly, as 2/8 equals 4,
2/2 equals 2
3. Did not reduce answer
4. Failed to invert divisor, proceeded as
though multiplying
5. Inaccurate multiplication
6. Inverted both fractions
7. Forgot the denominator, as 1/2 times 1/2
equals 1
\ y- W'- ,11 •, ik"**'*. ’'kj
I
jpi K.
{i,BUfl;j:Jif*l,)j;IIT 019^1 .1®?S ;,
e\% Eo |> i? 001 lo 'ioJ lewena &© tPbefL .
ee ^9i6®eooiq tioeivlfr 'iei.iB'5
IBH
.f—
r .“
.1
' ^ > •i*' I
aotSjsulJicil:ilijki st&xuc ^oftl • e
•!«
' f
eaoi^aBi'J xfjoc/' beSi^efy^
-cj
1 J i. y .
^
> •,
$\I a®inx^ a\i ae ,iotf.iiin6ff®tj' eii^ •'!'
k.
.V • V
ir
K
«
>
P 47 ')
.. M
w Lhl'*-
r 't* f :
' V ' tft' '*
-31-
Failure to copy a figure correctly, either
when rewriting the parts of the example or
the ansv/er
Doing the wrong process.
The same types of mistakes persisted throughout the three
tests given in Grade 5. Those occurring most frequently v/ere:
Failure to reduce answers to lowest terms
Copying figures incorrectly
Mistakes in the four fundamental processes
A complete lack of understanding of what
was to be done.
Table VIII shows the scores in each group, together with
the summary data, for the test using less useful fractions
given in Grade 6. The median of the manipulative group was 90,
while the mean of this group was 83.48. The median of the
objective group was 95, v/hile the mean v;as 92.17. The standard
deviation of the manipulative group was 16.51, as compared with
8.82 in the objective group. The scores in the manipulative
group ranged from 100 to 30, a variation of 70 points, while
the scores in the objective group ranged from 100 to 70, a
difference of 30 points. In the manipulative group there were
three 100 ’s (ll.ll^o), and in the objective group eight 100 *s
(34.78y^) .
Figure 4a shows the distribution of scores in the test
using less useful fractions, given in Grade 6 to the manipula-
tive group. Three pupils had a score of 100, four had scores
of 95, seven had 90, one had 85, two had 80, one had 75, two
had 70, one had 65, one had 55, and one had 30. Figure 4b show
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Table VIII allowing the scores of the two groups, manipula-
tive and objective, in the test using the less useful fractions,
given in Grade 6, together with summary data.
Manipulative Objective
Marie 90 James 100
Richard M 90 Carolyn 100
Carol G 95 Robert 85
Ingrid 95 Kathryn 95
James 100 Donald 95
Robert B 75 Craig 95
Betsy 90 Virginia 100
Betty 70 Mary 90
Barbara 95 Gilbert 95
Marjorie 90 Thelma 85
Verne 90 Dorothy 100
Eleanor 80 Henry 100
Phyllis 85 Phyllis 95
Florence 90 Newton 85
Louise 80 Russell 75
June 100 Myron 100
Allister 65 Herman 95
Robert 3 55 Nadine 70
Thoma s 30 John 100
Regina 95 Curtis 100
Kenneth 90 Margaret 75
Carol P 70 Marshall 90
David 100 Frederick 95
Mean 83 .48 92 .17
Median 90 95
95 100
QJd 77 .5 87 .5
S.D. 16 .31 8 .82
Number of Pupils 23 23
Difference in means 8.69
Difference in medians 5
Difference in '0,1 5
Difference in 0,3 10
Difference in S.D • 7.49
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Mean
Median
01
03
io perfect
S.D.
No. of pupils
83.48
90
95
77.5
11.11
16.31
23
Figure 4a. Graphic representation of Table VIII, showing on the
test using the less useful fractions given in grade 6, the distribu-
tion of scores in the manipulative group, together with summary data.
Mean
Median
01
03
% perfect
S.D.
No. of pupils
92.17
95
100
87.5
34.78
8.82
23
Figure 4b. Graphic representation of Table VIII, showing on the
test using the less useful fractions given in grade 6, the distribu-
tion of scores in the objective group, together with summary data.
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the distribution of scores in the test using less useful frac-
tions, given in Grade 6, to the objective group. Eight pupils
had a score of 100, seven had 95, two had 90, three had 85, two
had 75, and one had 70.
V/hen comparing figures 4a and 4b, the median, 95, of the
objective group was 5 points higher than the median, 90, of the
manipulative group, while the objective group shows a 8.69
advantage in the mean score. The first quartile of the objec-
tive group is 100, 5 points higher than the first quartile, 95,
in the manipulative group, while the third quart ile of the
objective group, 87.5, is 10 points higher than Q3, 77.5, in the
manipulative group. The difference in the standard deviation ol
the two groups is 7,49.
Table IX lists the types of errors found in the less useful
fractions tests given in Grade 6, classified according to the
process used. The total number of errors in the manipulative
group was 77, v/hile the total for the objective group was 37.
In each case there v/as one more mistake than the number of
examples failed on. Both groups had more mistakes in the
multiplication examples. The manipulative group had almost as
many mistakes in the other three processes—addition, subtrac-
tion, and division. The objective group had almost an equal
number of mistakes in the subtraction examples, but had fewer
mistakes in 'the division and addition examples.
Table X shows the scores in each group, together with
summary data, for the test using more useful fractions given in
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Table IX listing the errors found in the two groups,
manipulative and objective, in the test using less useful
fractions, given to Grade 6.
lianipu- Objec-
lative tive
Addition
1. Forgot to Y/rite part of
answer
2. Used incorrect numerator
3. Added incorrectly
4. Forgot to change answer
5. Changed answer incorrectly
6. Urote incorrect common
denominator
7. Failed to imderstand hov/
to do example
2
4
1
5
4
1
1
18
1
1
0
1
1
1
_0
5
Subtraction
1.
Failed to reduce answer 3 6
2. Did not change to common
denominator
3. Multiplied
4. Uiien changing to common
denominator found incorrect
numerator
0 1
0 1
0 3
5. Subtracted incorrectly 2 0
6. Tried to subtract larger
fraction from smaller 5 0
7 . Added 5 0
8, Forgot part of denominator 1 0
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Table IX (Continued)
Manipu- Ob jec-
lative tive
9. Reduced answer incorrectly 3 0
17 11
N.3. (One example had tv/o
mistakes
)
Multiplication
1. Subtracted 3 0
2. Divided 3 2
3. Cancelled both denomina-
tors 1 0
4. Multiplied incorrectly 2 1
5. Failed to reduce answer 3 2
6 . Incorrect division 2 2
7. Inverted both fractions 1 0
8. Found only one part when
more asked for 2 0
9. Changed answer incorrectly 0 5
10. Tnen cancelled still re-
tained denominator 3 0
20 12
N.B, (One example had tY/o
mistakes)
Division
1. Changed ansv/er incorrectly 1 3
2. Failed to invert 7 4
3. Multiplied incorrectly 1 0
4. Failed to change answer 2 0
5. Inverted both fractions 3 0
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Table iX (Continued)
llanipu-
la t ive
6. Canceled (divided) in-
correctly 1
7. Canceled only numerator 0
15
Changing to New Denominator
1. Did not do example 3
2. Incorrect division 1
3. ?ound only one part when
more asked for 1
4. Changed to different de-
nominator than one asked
for 1
5. Cannot discover the mis-
take 1/2 equals 17/8
__1
7
77
Objec-
tive
1
1
9
0
0
0
0
0
0
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Table X showing the scores of the two groups, manipulative
and objective, in the test using the more useful fractions,
given in Grade 6, together with summary data.
Manipulative Objective
Richard M 95 Carolyn 90
Carol G 100 Robert 100
James 95 Donald 95
Betsy 90 Virginia 95
Barbara 100 Gilbert 100
Marjorie 100 Thelma 85
Verne 100 Dorothy 100
Eleanor 100 Henry 100
Florence 100 Newton 90
June 90 Myron 85
Allister 100 Herman 85
Thoma s 85 John 95
Regina 95 Curtis 70
Carol P 75 Marshall 90
David 90 Frederick 75
Mean 94.33 90
Median 95 95
100 100
Q3 90 85
S.D. 7.04 8
Number of Pupils 15 15
Difference in means 3.66
Difference in medians 0
Difference in q;L 0
Difference in 0,3 5
Difference in S.D • 1.88
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Mean 94.33
Median 95
Q1 100
Q3 90
% perfect 46.67
S.D. 7.04
Number of pupils 15
Figure 5a. Graphic representation of Table X, showing on
the test using more useful fractions given in grade 6, the
distribution of scores in the manipulative group, together with
summary data.
7
6
Mean 90.67
Median 95
Q1 100
Q3 85
% perfect 26.67
S.D. 8.92
Number of pupils 15
Figure 5b. Graphic representation of Table X, showing on
the test using more useful fractions given in grade 6, the
distribution of scores in the objective group, together with
summary data.
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Grade 6. The median for the manipulative group was 95, while
the mean of this group was 94.33. The median of the objective
group was 95 and the mean 90.66. The standard deviation of the
manipulative group was 7.04, as compared with 8.92 in the
objective group. The scores in the manipulative group ranged
from 100 to 75, a variation of 25 points, while the scores in
the objective group ranged from 100 to 70, a difference of 30
points. In the manipulative group there were seven 100 »s
I
(46.67^), and in the objective group four lOO’s (26.67'^).
Figure 5a shows the distribution of scores in the test
using the more useful fractions when given in Grade 6 to the
manipulative group. Seven pupils had scores of 100, three
pupils had scores of 95, three had 90, one had 85, and one had
75. Figure 5b shows the distribution of scores on the test
using the more useful fractions when given in Grade 6 to the
objective group. Four pupils had a score of 100, four had 95,
two had 90, three had 85, one had 75, and one had 70.
When comparing figures 5a and 5b, the median, 95, of the
objective group was just the same as the median, 95, of the
manipulative group, while the manipulative group shows 3.66
advantage in the mean score. The first quartile of the
objective group is 100, the same as the first quartile in the
manipulative group, while the third quart ile of the objective
group, 85, is 5 points lower than the third quartile, 90, in
the manipulative group. The difference in the standard
deviation of the two groups is 1.88.
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Table XI lists the types of errors found in the more
useful fractions test given in Grade 6, classified according to
the process used. The total number of errors in the manipula-
tive group was 17, while the total for the objective group was
28, In the objective group there were more mistakes in the
multiplication examples, while in the manipulative group there
were more mistakes in the subtraction examples. The only expla-
nation for the great number of mistakes in the objective group
in this test seems to be confusion on the part of the sixth
grade teacher. The work in this test more closely resembled
the work done in the previous year in the fifth grade, and yet
they could do the test using less useful fractions and make
fewer mistakes. In discussing this with the sixth grade teacher
>
she said that the class as a whole had a better understanding of
fractions, what they mean and their values, than the group the
year before, but that they did not seem to know how to hajidle
them as well, and yet this test was not given until after the
one using the less useful fractions.
Table XII shows the scores in each group together with the
summary data, for the test using the less useful fractions,
given in Grade 7. The median of the manipulative group was
100, while the mean of this group was 97.5. The median of the
objective group was 100, while the mean was 97.86. The
standard deviation of the manipulative group was 3.66, as
compared with 3.11 in the objective group. The scores in the
manipulative group ranged from 100 to 90, a variation of 10
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Table XI listing the errors found in the two groups,
manipulative and objective, in the test using more useful
fractions, given to Grade 6.
Addit ion
1. Added incorrectly
E. Divided incorrectly
3.
Changed answer to in-
correct mixed number
Manipu- Objec-
lative tive
1 0
1 0
1 1
4. Forgot denominator when
adding 1 1
5. Added both numerator and
denominator 0 1
4 3
Subtraction
1. ??hen borrowed just sub-
tracted from the borrowed
one without adding the
fraction 1 0
S. \7hen needed to borrov/ to
subtract fractions just
subtracted whole numbers
and left fractions 1 0
3. Forgot that one was
borrov/ed
4. Copied fraction incorrectly
5« Subtracted incorrectly
6. Added instead of subtracting
7. Borrowed when did not need
to
1 0
1 0
2 2
0 5
0
6
2
9
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Table XI (Continued)
Manipu- Objec-
lative tive
Multiplication
1. Canceled tiien added nu-
merators 1 0
2. Added instead of multi-
plying 2 0
3. Reduced answer incorrectly 1 5
4. Changed answer to incorrect
mixed nmaber 0 2
5. Put a denominator under
answer 0 2
6. Added denominators 0 1
7. Multiplied incorrect
numbers together 0 2
4 12
Understanding of Fractions
1. 1/2 equals 4/4 11
2. Divided fraction into
wrong number of parts 1 0
3. Counted parts of chocolate
bar incorrectly 1 1
4. Could not tell larger frac-
tion from smaller 0 2
3 4
Total 17 28
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Table XII showing the scores of the two groups, manipulative
and objective, in the test using the less useful fractions,
given in Grade 7, together with summary data.
Manipulative Object ive
Richard M 100 Carolyn 100
Carol G 100 Robert 95
James 100 Donald 100
Betsy 100 Yirginia 100
Barbara 100 Gi Ibert 100
Marjorie 100 Thelma 95
Yerne 100 Dorot hy 100
Eleanor 100 Henry 95
Florence 90 Hewton 100
June 100 Myron 100
Allister 95 Herman 100
Thoma s 90 John 100
Regina 95 Curtis 90
Carol P 95 Marshall 95
Mean 97.5 97
Median 100 100
100 100
95 95
3.D. 3.66 3
Humber of Pupils 14 14
Difference in means • 36
Difference in medians 0
Difference in tl 0
Difference in 0,3 0
Difference in S.D. .55
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Mean 97.5
Median 100
Q1 100
Q3 95
io perfect 64.29
S.D. 3.66
Number of pupils 14
Flgure 6a. Graphic representation of Table XII, showing on
the test using the less useful fractions given in grade 7, the
distribution of scores in the msinipulative group, together
with summary data.
Mean 97.86
Median 100
Q1 100
Q3 95
% perfect 64.29
S.D. 3.11
Number of pupils 14
Figure 6b, Graphic representation of Table XII, showing
on the test using the less useful fractions given in grade 7,
the distribution of scores in the objective group, together
with summary data.
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points, while the scores in the objective group had the same
range, 100 to 90, v/ith a difference of 10 points. In the
manipulative group there were nine 100 ^s (64.29^) and in the
objective group the same, nine 100»s (64.29^).
Figure 6a shows the distribution of scores in the test
using the less useful fractions, given to the manipulative
group in Grade 7. Nine pupils had a score of 100, three had
95, and two had 90. Figure 6b shows the distribution of scores
in the test using the less useful fractions, given to the
objective group in Grade 7. Nine pupils had a score of 100,
four had 95, and one had 90.
When comparing figures 6a and 6b, the median, 100, of the
objective group was just the same as the median, 100, of the
manipulative group, while the objective group shows a ,36
advantage in the mean score. The first quartiles and third
quart iles of both groups are the same, 100 and 95 respectively.
The difference in the standard deviation of the two groups is
.55.
Table XIII lists the types of errors found in the less
useful fractions test given in Grade 7. The total number of
errors in the manipulative group was 8, while the total for the
objective group was 6. In the manipulative group there was one
more mistake than the number of examples failed on, i.e., one
example had two mistakes. There were no mistakes in the
division of fractions examples.
Table XIV shows the scores in each group, together with
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Table XIII listing the errors found in the two group
manipulative and objective, in the test using less useful
fractions, given to Grade 7.
llanipu- Objec-
lative tive
Addition
1.
Changed answer to incorrect
mixed number 1
1
Subtraction
1. Added instead of subtracting 2 0
2. Failed to reduce ansv/er 1 1
3. Reduced answer incorrectly
4. V/hen changing to common de-
nominator found incorrect
numerator
IT.B. (One example had tv^o
mistakes)
0 1
Multiplication
1. Multiplied incorrectly 0
2. Reduced answer incorrectly 1
3. Canceled (divided) incorrectly 0
4. Forgot the denominator was
canceled 1
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Tab]£ XIV siiQVi/ing tiie scores of the two groups, manipula-
tive and objective, in the test using the more useful fractions
given in Grade 7, together with sumraary data.
Ivlanipulat ive Objective
Richard H 85 Carolyn 100
Carol C 90 Robert 95
James 85 Donald 100
Barbara 95 Gilbert 95
Ivlarjorie 95 Thelma 90
Verne 95 Dorothy 100
Florence 80 Newton 100
June 95 Myron 100
Allister 95 Herman 85
Thoma s 75 John 100
Regina 100 Curtis 90
Carol P 70 liar sha 11 95
Mean 88.33 95.33
Median 92.5 97.5
V- 95 100
QS 82.5 92.5
S.D. 8.98 4.93
Number of !Pupils 12 12
Difference in means 7.50
Difference in medians 5
Difference in Cil 5
Difference in Q3 10
Difference in S.D. 4.05
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Mean 88.33
Median 92.5
Q1 95
Q3 82.5
io perfect 8.33
S.D. 8.98
Number of pupils 12
Figure 7a. Graphic representation of Table XIV, showing
on the test using the more useful fractions given in grade 7,
the distribution of scores in the manipulative group, together
with summary data.
Mean 95.83
Median 97.5
Q1 100
Q3 92.5
% perfect 50
S.D. 4.93
Number of pupils 12
Figure 7b. Graphic representation of Table XIV, showing
on the test using the more useful fractions given in grade 7,
the distribution of scores in the objective group, together
with summary data.
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sioiamary data, for the test using more useful fractions, given
in Grade 7. The median for the manipulative group was 92.5,
while the mean of this group was 88.33. The median of the
objective group was 97.5, and the mean 95.83. The standard
deviation of the manipulative group \7as 8.98, as compared with
4.93 in the objective group. The scores in the manipulative
group ranged from 100 to 70, a variation of 30 points, while
the scores in the objective group ranged from 100 to 85, a
difference of 15 points. In the manipulative group there v/as
one 100 (8.33%), and in the objective group six 100*s (50%).
Figure 7a shov/s the distribution of scores on the test
using the more useful fractions when given in Grade 7 to the
manipulative group. One pupil had a score of 100, five had 95,
one had 90, two had 85, one had 80, one had 75, and one had 70.
Figure 7b' shows the distribution of scores on -the test using
the more useful fractions when given in Grade 7 to the objective
group. Six pupils had a score of 100, three had 95, two had 90,
and one had 85
.
VTnen comparing figures 7a and 7b the median, 97.5, of the
objective group v;as 5 points higher than the median, 92.5, of
the manipulative group, while the objective group shows a 7.50
advantage in the mean score. 'The first q.uartile of the
objective group is 100, five points higher than the first
quart ile, 95, in the manipulative group, while the third
quartile of the objective group, 92.5, is 10 points hir^er than
the third q_uartile, 82.5, in the manipulative group. The
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differenoe in standard deviation of the two groups is 4,05.
Table XIV-A shows the chronological age, mental age, and
intelligence quotient of the pairs of children who completed
Grade 7. The manipulative group ranges from an I.Q,. of 118 to
88 with a median I.Q,. of 102 and a mean I.Q,. of 103.08, while
the objective group ranges in I.Q,. from 119 to 82, median I.Q.
104 and mean I.Q. 102.92. The median G.A. of the manipulative
group is 10 years 7-1/2 months, while the median G.A. of the
objective group is 10 years 5-1/2 months. The mean C.A. of the
manipulative group is 10 years 7 months, and of the objective
group 10 years 9 months. The median M.A. of the manipulative
group is 10 years 7-1/2 months, the mean M.A. 10 years 11 months
while the median M.^. of the objective group is 11 years and the
mean M.A. 11 years 1 month.
Table X'/ lists the types of errors found in the more use-
ful fractions tests, given in Grade 7, classified according to
the process used. The total number of errors in the manipula-
tive group was 28, while the total for the objective group was
10. In the objective group, there were the same number of
errors in the subtraction and multiplication examples. In the
manipulative group, there were 13 mistakes in the subtraction
examples and 9 in the multiplication examples.
Table X^/I shows the complete record of scores for the
manipulative group.
Table X7II shows the complete record of scores for the
objective group.
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Table XIY-A showing the pairing of the groups, manipulative
and ohjeotive, left at the end of G-rade 7, with the chrono-
logical age (C.A.), mental age (LI.A. ) , and intelligence q.uotient
(I.Q,.), together with summary data.
Manipulative Objective
C .A* I • C . A. M.A. I.
Richard M 9-10 11-10 118 Carolyn 10- 3 12- 2 119
Carol G 10- 4 12- 2 116 Robert 10- 5 12- 4 118
James 10- 9 12- 5 114 Dona Id 10- 6 12 114
Barbara 10- 4 11- 3 108 Gilbert 10- 3 11 107
Marjorie 10- 2 10-10 106 Thelma 10- 3 11 107
Verne 9-10 10- 4 105 Dorothy 10-10 11- 6 106
Florence 10- 7 10- 5 99 Newt on 10- 3 10- 5 102
June 10- 8 10- 4 97 Myron 11- 5 11- 5 100
Allister 11- 3 10-11 97 Herman 11 10-11 99
Thomas 10-11 10- 4 95 John 11 10 91
Regina 10- 8 10 94 Curti
s
11- 2 10 90
Carol P 11- 6 10 88 Marshall 12- 3 10 82
C cil. M.A. I.Q. C . ^ • M .A • I.!
Median 10-7-^ 10- 7-1- 102 10-5§ 11 104
Mean 10-7 10-11 103.08 10-9 11- 1 102
Number of boys 4 9
Number of girls
_8 __3
Total 12 12
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Table XV listing the errors found in the two groups,
manipulative and objeotive, in the test using more useful
fractions, given to Grade 7.
Manipu- Objec-
lative tive
Addition
1. Copied answer incorrectly
2. Did not carry
3. Called the denominator of
fraction the whole number
for answer
1 0
1 0
Subtraction
1. \7hen borrowed subtracted
from the one borrowed,
did not add the fraction
2. Added instead of subtracting
3. Copied incorrect answer
4. Forgot one had been borrowed
5. Subtracted incorrectly
6. Failed to reduce answer
3 1
3 1
1 0
1 1
5 1
0
13 5
liultiplication
1. V/hen canceled, forgot to
cancel denominator 2 0
2. Added denominator 2 0
3. Added numerator and de-
nominator 1 0
4. Multiplied incorrectly 2 2
I
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Table XV (Continued)
5. Divided inoorrectly
6. Added incorrectly
7. Divided denoninators
8. Inverted two figures in
answer
Understanding of Fractions
1. Colored 2/6 instead of 5/6
2. Can cut 1/2 into 4/4
3. Counted parts of chocolate
bar incorrectly
ITanipu- Objec-
lative tive
2
0
0
0
9
0
1
1
1
5
1
1
_1
28
0
0
0
0
Total 10
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Table X7I showing complete list of scores for manipulative
P‘
Oct
Grade 5
• Feb • ilay
Grade 6
Use- Use-
less ful
Grade 7
Use- Use-
less ful
Marie 100 100 97 90 100 100 95
Richard M 80 100 94 90 95 100 85
Carol G 100 100 93 95 100 100 90
Ingrid 90 80 94 95
James 100 80 98 100 90 100 85
Robert B 100 80 43 75 100 80
Betsy 100 90 52 90 95 100
Betty 100 80 60 70
Barbara 90 100 82 95 100 100 95
Marjorie 100 90 98 90 100 100 95
Verne 100 70 64 90 100 100 95
Richard H 100 100 94 95 100 100 100
Eleanor 80 90 68 80 100 100
Phyllis 99 80 88 85
Florence 100 90 78 90 100 90 80
Louise 80 90 93 80
June 60 60 64 100 90 100 95
Allister 90 70 43 65 100 95 95
Robert S 100 80 83 55
Thoma s 80 80 64 30 85 90 75
Regina 90 70 50 95 95 95 100
Kenneth 79 90 17 90
Carol P 100 70 93 70 75 95 70
Jiaiifl 100 80 87 100 90 100 80
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Table XVTI showing complete list of scores for object
group
.
Grade
Oct , Feb
5
. May
Grade 6
Use- Use-
less ful
Grade 7
Use- Use-
less ful
James 100 100 100 100
Carolyn 96 80 100 100 90 100 100
Robert 90 60 78 85 100 95 95
Kathryn 100 90 100 95 100 100 100
Donald 90 90 94 95 95 100 100
Craig 60 90 100 95 75
Virginia 88 80 100 100 95 100 95
Mary 88 50 94 90 70 100
Gilbert 100 100 94 95 100 100 95
Thelma 100 90 89 85 85 95 90
Dorothy 100 100 100 100 100 100 100
Barbara 100 90 94
Henry 98 100 83 100 100 95 100
Phyllis 100 100 72 95 75 95 85
Newt on 100 100 89 85 90 100 100
Russell 80 70 83 75 90 95 100
Myron 86 90 83 100 85 100 100
Herman 100 90 83 95 85 100 85
Nadine 100 70 78 70 95 100 95
John 100 100 94 100 95 100 100
Curtis 100 90 94 100 70 90 90
Margaret 98 40 61 75 30
Marshall 100 100 61 90 95 95 95
Frederick 100 70 72 95 75
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Table XVIII gives the summary data from Tables II, rv, VT,
VIII, X, XII, and XIV.
In 1935, an experiment somewhat similar to this study v/as
carried on in the sixth grades in another city, called city B,
on the opposite side of Boston. There were many more children
used in this experiment. Its purpose was ”to attempt to
determine whether or not children benefit more when all the
tine for fractions is spent on useful fractions or Y/hen part
of the time is devoted to fractions beyond common usage.
The experiment was to last thirty-two half hour periods.
The experimental group was taught only the useful fractions,
while the control group was taught both useful fractions and
those beyond adult usage
.
Converting the figures to compare with those in this
study. Table XIX shows the scores and frequency, in the control
group, for a test using useful fractions, given in city B,
together Y/ith summary data. The median for the control group
v/as 80, while the mean of this group v/as 73.8. The scores
ranged from 100 to 0. There v/ere sixty-three 100 ^s or 11.37^
perfect scores.
Table XX shows the scores and frequency in the experimen-
tal group for a test using useful fractions, given in city B,
together with suraraary data. The median of this group was 80,
while the mean was 77.3. The scores ranged from 100 to 10.
There were sixty-four 100 *s or 10.72^5 perfect scores.
Figure 8a shows the distribution of scores in the control
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Table XVIII showing the summary data.
P No.
Grade Fig. Median Mean OX 0.3 Perfect S.D. Pupils
5 la 100 92.42 100 85 54.17 10.52 24
lb 100 94.75 100 90 58.33 9.23 24
2a 80 84.17 90 80 20.83 11.15 24
2b 90 85 100 75 33.33 16.43 24
3a 82.5 74.88 93.5 62 0 21.56 24
3b 91.5 87.33 97 80.5 25 11.80 24
6 4a 90 83.48 95 77.5 11.11 16.31 23
4b 95 92.17 100 87.5 34.78 8.82 23
5a 95 94.33 100 90 46.67 7.04 15
5b 90 90.67 100 85 26.67 8.92 15
7 6a 100 97.5 100 95 64.29 3.66 14
6b 100 97.86 100 95 64.29 3.11 14
7a 92.5 88.33 95 82.5 8.33 8.98 12
7b 97.5 95.83 100 92.5 50 4.93 12
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Table XIX showing the scores in the control group together
with summary data, for the test using useful fractions and giver
in city B,
Control Group
Score Prequency
100 63
95 54
90 60
85 61
80 58
75 47
70 28
65 51
60 28
55 31
50 16
45 16
40 11
35 5
30 5
25 8
20 4
15 4
10 2
5 1
0 1
Mean 73.8
Median 80
85
% Perfect
60
11.37
Number of Pupils 554
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Table ]QC showing the scores in the experimental group
together with sumraary data
,
for the test using useful fractions
and given in city B.
Experimental Group
Score Frequency
100 64
95 66
90 85
85 74
80 55
75 45
70 49
65 38
60 34
55 21
50 20
45 16
40 11
35 5
30 4
25 6
20 1
15 2
10 1
Mean 77.3
Median 80
90
03
^ Perfect
65
10.72
Humber of Pupils 597
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Figure 8a,
dlsrlbution of
group in city :
Graphic representation of Table XIX, showing the
scores in a useful fraction test, given to the control

Figure Sti. Graphic representation of Table XX, showing the
distribution of scores in a useful fraction test, given to the
experimental group in city B.
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group for a test using useful fractions, given in city B.
Sixty-three pupils had scores of 100, fifty-four had 95, sixty
had 90, sixty-one had 85, fifty-eight had 80, forty-seven had
75, twenty-eight had 70, fifty-one had 65, tv/enty-eight had 60,
thirty-one had 55, sixteen had 50, sixteen had 45, eleven had
40, five had 35, five had 30, eight had 25, four had 20, four
( had 15, two had 10, one had 5, one had 0. Figure 8h shows the
distribution of scores in the experimental group for a test
using useful fractions, given in city B. Sixty-four pupils had
100, sixty-six had 95, eighty-five had 90, seventy-four had 85,
fifty-five had 80, forty-five liad 75, forty-nine had 70, thirty'
eight had 65, thirty-four had 60, twenty-one had 55, tv/enty had
50, sixteen had 45, eleven had 40, five had 35, four had 30,
six had 25, one had 20, two had 15, one had 10.
In this experiment the medians v/ere the same, 80, but the
first and third q\.;artiles of the control group were each 5
points lower tiian the first and third q_uartiles of the experi-
mental group. The percent of perfect scores vms 11.37 in the
control group, just .65 points higher than the 10.72 of the
experimental group. The average or mean shov/s the greatest
difference. In the control group the average was 73.8, 3,5
points lov/er than the average, 77.3, of the experimental group.
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CHAPTER IV. COIviPARISONS AIjD smiLlARY
Table XXI shows the total number of mistakes made in the
addition, subtraction, and multiplication examples only on the
four tests given in Grades 6 and 7, after the work of actually
teaching the fraction processes had been introduced and carried
through Grade 5 as explained in Chapter II.
The manipulative group failed on 100 examples; of these 26
were addition, 39 were subtraction, and 35 were multiplication.
The children with lov/er I.Q,. *s tended to make more mistakes thaE
the children with higher I.Q,. *s. The objective group failed on
67 examples; of these 8 were addition, 27 were subtraction, and
32 were multiplication. 100 or 7.81^ of a possible 1,280
examples were failed on in the manipulative group, while 67 or
5.23% of a possible 1,280 examples were failed on in the objec-
tive group. The manipulative group had more failures in sub-
traction examples, while the objective group had more failures
in multiplication examples.
Table XXII lists all the mistakes made in addition, sub-
traction, and multiplication in the four tests given in Grades
6 and 7. It is a summary of Tables IX, XI, XIII, and XY. The
four columns tell the number of that particular error in the
figure from which it was taken. In this list of errors, the
failure to reduce to lowest terms was considered as one error,
while failure to change an improper fraction to a mixed number
was listed as another separate error. As might be expected, the
manipulative group had more errors in addition and subtraction
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Table SXE showing the number of errors, in each test given
in Grades 6 and Grades 7, in addition. subtraction, and multi-
plication, and the differences.
Grade 6 Grade 7
Less
useful
test
More
useful
test
Less
useful
test
More
useful
test
Totals
Addition
L^anipulative 18 4 1 3 26
Objective 5 3 0 0 8
Difference 13 1 1 3 18
Subtraction •
luanipulat ive 16 6 4 13 39
Objective 11 9 2 5 27
Difference 5 3 2 8 18
Multiplication
Manipulative 20 4 2 9 35
Objective 11 12 4 5 32
Difference 9 8 2 4 3
Total number of mistakes - manipulative 100
Total number of mistakes - objective 67
Di fference 33
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Table XXII, a suimoary of Tables IX, XI
,
XIII, and XV.
List of All Errors
IX
Tables
XI XIII XV
Manipu-
lative
- Objec-
tive Tota
Addition
1. Forgot to write part
of answer 1 4 3 3 2 5
2. Used incorrect numer-
ator 2 4 1 5
3. Added incorrectly 3 1 3 0 3
4. Forgot to change
answer 4 5 1 6
5. Changed answer in-
correctly 5 3 1 6 2 8
6. Wrote incorrect
common denominator 6 1 1 2
7. Failed to understand
how to do example 7 1 0 1
8. Divided incorrectly 2 1 0 1
9. Added both numerator
and denominator 5 0 1 1
0. Copied answer in-
correctly 1 1 0 1
1. Did not carry 2 2 3 5
Subtraction
1. Failed to reduce
ansv/er 1 2 6 4 8 12
2. Did not change to
common denominator 2 0 1 1
3. Multiplied 3 0 1 1
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Table XXII (Continued)
•
IX
Tables
XI XIII X7
Manipu-
lative
Objec-
tive Total
4. When changing to
common denominator,
found incorrect
nuiaerator 4 4 2 3 5
5. Subtracted in-
correctly 5 5 5 8 3 11
6 . Tried to subtract
larger fraction
from smaller 6 7 0 7
7. Added 7 6 1 2 5 6 11
8. Forgot part of
denominator 8 1 0 1
9. Reduced ansv/er
incorrectly 9 3 3 1 4
LO. T/hen borrowed just
subtracted from
borrowed one with-
out adding fraction 2 4 1 5
LI. When needed to
borroY^ to subtract
fractions, just sub-
tracted whole
numbers, not frac-
tions 2 1 0 1
L2. Forgot one was
borrowed 3 4 2 1 3
L3. Copied fraction in-
correctly 4 3 2 0 2
14. Borrowed when did
not need to 7 0 2 2
LIultiplication
1. Subtracted 1 3 0 3
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Table XIII (Continued)
Tables
Manipu- Objec-
IX XI XIII XV lative tive Total
2. Divided 2 3 2 5
3. Cancelled both
denominators 3 1 0 1
4. Multiplied in-
correctly 4 1 3 5 3 6
5. Failed to reduce
answer 5 3 2 5
6 • Incorrect division 6 3 5 4 3 7
7. Inverted both frac-
tions 7 1 0 1
8. Found only one part
v/hen more asked for 8 2 0 2
9. Changed answer in-
correctly 9 4 0 7 7
LO. V/hen cancelled still
retained denominator 10 3 0 3
LI. Cancelled, then
added iiui.ierator s 1 1 0 1
L2. Added 2 2 0 2
L3. Reduced ansv/er in-
correctly 3 2 2 6 8
L4. Put a denominator
under answer 5 4 1 r7o 2 5
L5. Added denominators 6 2 2 1 3
L6
.
Multiplied incorrect
numbers together 7 0 2 2
L7. Multiplied incorrect 4 2 2 4
L8. Added incorrectly 6 0 1 1
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Table XXII (Continued)
Tables
IX XI XIII TT
llanipu
lative
- Objec-
tive Total
19. Divided denomina-
tors 7 0 1 1
20. Inverted two
figures in answer 8 0 1 1
Total 101 71 172
Difference 30
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than the ohjeotive group, but about the same number of errors
in multiplication.
The three most common errors in addition in the manipula-
tive group were—changed answer incorrectly, forgot to change
answer, and used incorrect numerator. This accounted for 15 of
the total number of errors. The two most common errors in
addition in the objective group were—changed answer incorrectly
and forgot to write part of answer. This accounted for four of
the total number of errors. The manipulative group had a total
of 26 errors in addition, while the objective group had a total
of 8.
In subtraction, the three most common errors in the manip-
ulative group were—subtracted incorrectly, tried to subtract
the larger fraction from the smaller, and added instead of
subtracting. This accounted for 20 of the total number of
errors in subtraction. In the objective group, the two most
common errors were—failure to reduce answer and added instead
of subtracting. This accounted for 14 of the total number of
errors in subtraction. The manipulative group had 39 errors in
subtraction, ?/hile the objective group had 27.
In the manipulative group there were no outstanding errors
in multiplication. There were 4 mistakes in division facts,
and each of the following occurred 3 tines—subtracted instead
of multiplying, divided instead of multiplying, multiplied in-
correctly, failed to reduce answer, when cancelling still
retained same denominator, and put a denominator under answer.
»•T'-
’XU
dr ^ * dierr*^
tiioiid to 'idcfnuji ftj-i? Jirocfe tuJ ,'vo*i3 rvtlOgpo arif no iJ
.xioi^ ^oilqi j-ijj[L dJ:
1
I?
i
eriJ i-X ci u'tc’a'Io .larj'ioo- j-aort tJS'rh’t oiCT '!.
i- . !
.oii.i^y Qi Jo’,vrol , '/X josi-xoicoiii; 'xes’i^nc he;;;,?!^ c— .ii/o'r:j, ©vX?
1
to cl jo'i f’©tii#xcf;oi? . 'icJjs'XejiLfr. Jr '•iic.oxix 5eF.o ore
,
i0wt./iB
1
fiX a*TCi*xie oolujoo
-^eo:^ c'.7v . .To.rv.- tci tedinjjfl XtiJoJ bxfxr
or;X 'larrjfcns tG^jUddL— E)’rair qi/ot;. z^do • ii; ui nox^lDf>B
tlo 1 fol 'lot &edij-^oco6 ' .ronc/U', to lo^'ic': ,0^ a
F'
r-
{
jlBJot B qool.- ©Vi^'olL'ClXfBXi .S'lCjllO to ^&diJljJn XBJOJ;, ©/*J
^
;
le^oi c DBi^. ...j-oi' c>vta‘&ft^,3C' ft ij ©iiiiv
,
c 3
i
)bfi nt OS to
. to
t
-qiii^i:! 3113 nx anc'iT© Ibcmc oa'ii j --ji
5
Twi^t r ul
^ JOB*j 'iJi>i/6 oi hGl'il
,
.
. JotTioo:! .' b&3oa7Ja~o
—
i'ibtt v- o'j:3 j-ri z^dJJ )^;
to liXioXo; t Lire .Ciwiiii silt^ ncrit no s.'ait tfiij
i:
to iBcfwn XeJox ' c oii 'fot /'jiimcooe ei/T' jiS037*djjz >
r
;:;C';j 01? 01.'- .;xo*i,j ©vxXc a lvC:;'rXifi/r. uX s'lo'^n© j
tjie'cnX I'OXwifl Bjfl *i.*;vei:3 ©oiJ&©i c>3 t;-0'i*re nojaj:*c!
t
to ie-X^',j loX oiiX to ^X 'rot iiv- j.rifut or ti*."! . i :ot,'ijd^/o tc
j
CC boil *1 rv 2.’*flBqhrBx:: e:\- /Xtean xiiXt. -iT d'xo'i*; rf'!•;& I,' ni c'-'o-**'
I
•
.
^
•
.'
*
. fiftfl ui/O'CR ovi^uBteo 3P.d tkllriw . .iLdtor/rJdLL f'
!
f' -r-ix-
:
wii a'liiV c-rartt . y. *. vvitBlixt-ine.- a1
,'.^0fi'x al ed^ieXr'r' ^ o'!## ^ oXXqxxXr.vi I'J
bfyi!:..'.! t.e — r si S te iiifaoc ©x/^f to iJcoo £?* .’-
*j^
-:t 2 Xt*XIqirXiff:
* l!*.?' 40 l . fi ©i. ^ xt.Li :’;.
,
iiX' ..ri lJXuc;
5
: Ljo©ia:<;oxILtc, ^rxX, >vnec
,,
w5»1£ ^r*" *•, vii .h. x o;
T
. ^ ‘"ona iQbL j ; iroxi b u tt’q r i/* * tir.fie i/oaii3XeT j'
,-. M..h
- »
' • •'
'i
'
•X i--sr
-71-
This accounted for 22 of the errors in multiplication. The two
most common errors in the objective group were—changed answer
incorrectly and reduced answer incorrectly. Two other rather
common errors were errors in multiplication and division.
These accounted for 19 of the total number of errors. The
manipulative group had a total of 35 errors while the objective
group had a total of 33 errors.
Figure 9 includes the twelve pairs of children taking all
four of the tests in Grades 6 and 7. At the left are the
numbers as taken from the list of errors in Table XXII. In
each square was put the total number of times each child made
the listed errors. The manipulative group mistakes and totals
are in red and the objective group mistakes and totals are in
blue
.
Studying these mistakes made by the pairs of children to
see what the similarities in mistakes were, it was found that
in addition only one pair made the same mistake. Regina and
Curtis each changed an answer incorrectly. Regina did this in
the October test in Grade 7, while Curtis made this mistake in
I the December test in Grade 6. All the other mistakes v/ere
different. All Regina ^s mistakes were made in addition examples
Once she made a mistake in a division fact, once she used an
incorrect common denominator, but these each occurred in
different tests.
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In the subtraction examples, there were a fe?/ more
similarities. Allister and Heriian in the test given in October
in Grrade 6 each failed to reduce an ansvzer, and in the test
given in December in G-rade 7, they each made a mistake in sub-
traction. All further mistakes were different. Allister, in
the first test given in October in Grade 6, made one mistake
three times. He failed to change his answers to nixed nui/ibers.
In this same test in multiplication he found only one part of a
number when more than one part Y/as asked for. In the October
test in Grade 7, he made a mistake in a nuLierator v/hen he
changed his fractions to common denominators. In the December
test in the same grade he made a mistake in subtraction itself.
Herroan had no mistakes in addition examples. Besides the tY/o
which he and blister both made, he made mistakes in borrowing,
as when borrowed subtracted from the borrowed one without using
the fraction, and borrowed once v/hen he did not need to. His
other three mistakes v/ere mistakes in multiplication examples,
reduced answer incorrectly and multiplied incorrect numbers
together in the December test in Grade 6, and in the December
test in Grade 7, divided denominators.
Carol G. and Robert each made one mistake in subtraction.
Carol made hers in the October test in Grade 6 and Robert made
his in the December test in Grade 6. Carol had one further
mistake that occurred in the December test in Grade 7. This
time she added denominators instead of multiplying. Robert had
no further mistakes in subtraction, but made several in
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multiplication. In the October test in G-rade 6, once he
multiplied incorrectly, also three answers were changed in-
correctly. In the October test in Grade 7 he raade a mistake in
a division fact
.
Tv/o pairs of children added a subtraction example—Florence
and Newton, Carol P. and llarshall, Florence made this mistake
in the October test in Grade 7. Newton made this same mistake
twice in the December test in Grade 6. Florence had three
mistakes in addition. In the test in October in Grade 6, she
added incorrectly and changed an answer incorrectly. In the
Deceriiber test in Grade 7, she failed to carry a v/hole number.
In subtraction, besides the addition mistake, she also made a
mistake in subtraction in both tests given in Grade 7. in the
December test in Grade 7 she copied a fraction incorrectly.
Newton had fewer mistakes. He made no mistakes in addition.
In the October test in Grade 6, in subtraction he failed to
reduce an answer and in multiplication he made a mistake on a
division fact.
The other pair, who added instead of subtracting, Carol P.
and Ivlarshall, made this mistake in the December test given in
Grade 7. Carol P. had more mistakes than Marshall. In the
October test in Grade 7, in addition, she changed an ansv/er in-
correctly; in subtraction, she made a mistake in a subtraction
fact and reduced an answer incorrectly; in multiplication, she
failed to reduce an answer and retained her denominator after
cancelling in tv/o examples. In the December test in Grade 6,
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in addition she added incorrectly; in subtraction, after borrow
ing, she subtracted only the whole numbers and forgot the
fractions. In the October test in Grade 7, in the subtraction
examples, she failed to reduce an answer. In the December test
in Grade 7, besides the mistake in subtraction, she put a
denominator under two of the examples. Marshall had a mistake
in a division fact in the multiplication examples and forgot to
write part of an answer in the October test in Grade 6. In the
December test in Grade 6, in one multiplication example, he
added the denominators. In the October test in Grade 7, in the
multiplication examples, he multiplied incorrectly.
In the same way the other pairs may be studied through and
compared as to kinds of errors. Few of them are similar.
Summary
From the previous discussions it may be seen that
1. The children with higher I.Q,.*s tended
to make fewer mistakes than those with
lower I.Q. * s
.
2. In both groups fewer mistakes were made
when in Grade 7 than in Grades 5 or 6.
This may be due to greater maturity or
that the children had more use for
fractions.
3. In the total number of individual errors
the manipulative group made more errors
than the objective group.
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4. In addition and subtraction, the
objective method resulted in fev/er
mistakes, when the groups were
tested, than the manipulative
method .
5. In multiplication, there was very
little difference in the total
number of errors.
6. The errors made by the manipulative
group were, in multiplication,
quite different from those made by
the objective group. In addition
the mistakes were similar—changed
answers incorrectly and forgot to
change answers. In subtraction
the most common errors in the manip
ulative group were mistakes in sub-
traction facts, while those in the
objective group were mistakes in
process, adding instead of subtrac-
ting.
In multiplication, the errors in
the manipulative group v/ere more
scattered. The one occurring most
often was the mistake in division
facts. The others were—subtree-
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ting instead of multiplying,
dividing instead of multiplying,
multiplying incorrectly, failing
to reduce answer, forgetting to
cancel a denominator, putting a
denominator under the answer.
The two errors occurring most
often in the objective group were
changing ansv/er incorrectly and
reducing answer incorrectly.
The failure to reduce or change
answers should be of little con-
cern, but the errors in the facts
in the four fundamental processes
are mistakes that should be the
concern of any teacher interested
in 100'^ accuracy.
7. The results show no significant
advantage of one group over the
other. If well taught the results
will probably be the same whatever
the method used.
8. The city B results seem to corrob-
orate the data found in this study.
9. Finally, the mental attitude of the
children studying fractions objec-
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ment that, even though the test
results show no great superior-
ity of ability to vrark with frac-
tions, this alone would justify
using the objective method.
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Tests given to eacli
APPEIIDIK
group in the fall. (Results sho?ni
graphically in figures la and lb
.
)
Grade 5
October (Manipulative Group)
1. 6/7- /14 4. 7/8 of 32
1/3 = /6 5. 2/4 of 96
2/3 = /9 6. 3/4 of 24
11to 7. 2/5 of 25
5/6 =^/18 8. 3/8 of 96
2. 5/6 of 24 9. 3/6 of 18
3. 2/3 of 213 10. 5/8 of 40
October (Objective Group)
1. 2/3 of 15 6. 1/4 of 36
2. 1/8 of 32 7. 1/2 of 18
3. 1/2 of 10 8. 5/6 of 24
4. 5/8 of 16 9. 3/4= /12, 2/3=/6, 1/3 =/12
5. 3/4 of 16 3/4= /a, 5/8= /16, 3/4= /8
1/3= /6, 5/6= /12
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Test given to both groups in February. (Results shovm
graphically in figures 2a and 2b.)
Grade 5
February (Addition and Subtraction)
1. 9 1/2 6 2/3 + 8 5/6
2. 2 3/4 t 6 2/3 4. 7 1/2
3. 8 3/4 t 7 1/2 + 6 5/3
4. 4 1/2 + 7 2/5 + 2 3/10
5. 2 3/4 f 1 7/8 4 3 1/2
6. 9 2/3 - 6 1/2
7. 8 1/2 - Q 3/4
3. 1C) 5/4 -• Vi 5/8
9 . 6 2/5 - 4 2/
6
10. 5 - 4 2/3
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Final test in Grade 5, (Results shown graphically in
figures 3a and 3b.)
Grade 5
Llay {'’A Fraction Review”)
1. 1/3:^ /6 17/5-
8/12- /3 1 3/5-
2. 3 5/8 + 2 3/4 + 1 1/2
3. 3 4/5 2 1/2 + 5
4. 4 5/8 - 3 1/2
5. 51/3-2 2/3
6. 61/3-1 5/6
7. 3 1/3 X 2/5
8. 41/6x1 1/5
9. 2 1/2 X 1/2
10. 5 i- 1/2
11. 5 4- 1/5
12. 5 4- 1/25
13. 1/2 4- 1/4
14. 1/2 4- 1/8
15. 1/2 4- 1/2
16. 1/4 4- 1/8
17. 1/8 4- 1/2
18. 1/2 4- 2
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Test given in the fall to each group when in Grade 6 and
again in Grade 7. (Results shovzn graphically in figures 4a and
4b
,
6a and 6b
.
)
Grades 6 and 7
October
Add »»
1. 1/2 + 3/8
2. 5/12 + 2/3
3. 1/2 + 4/5
4. 1/6 + 1/2
Subtract
:
5. 1/2 - 3/8
6 • 2/3 - 5/12
7. 7/10 - 2/5
8. 15/16 - 3/4
Llult iply:
9. 5/6 X 1/2
10. 1/2 X 3/8
11. 2/3 X 5/12
12. 4/5 X 15/16
Divide
;
13. 3/4 1/2
14. 1/2 + 1/4
15. 7/8 1/2
Find
:
16. 1/9 of 72
17. 3/5 of 75
Fill in the blank nuraerator:
18. 1/4^ /16 19 . 2/3- /12 20. 1/2^ /8
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Tsst given in December to each group when in Grade 6 and
again in Grade 7. (Results shown graphically in figures 5a and
5b, 7a and 7b.)
Grades 6 and 7
December
1. Show 5/6 of this pie. by coloring it in.
2. Into how many fourths can I cut a pie?
3. ’./hich is larger, 2 1/4 or 8/4?
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If I eat the shaded
part of this chocolate
bar, v/hat part v/ill be
left to eat tomorrow?
5. V/hich is larger. 1/2 or 5/8?
5 . 1 1/3 f 1 2/3 + 2 1/3
7. 5/8 + 1/8 + 7/8
8. 3 1/2 +41/2+ 2 1/2
9. 3/4 + 3/4
10. 1/2 \r 3/4 +1/2
11. 3 1/3 - 2 2/3
12. 8-6 3/4
13. 4 1/4 - 2
14. 6 3/4 - 2 1/2
15. 7/8 - 3/8
16. 2/3 ol‘ 9 19.
17. 3/4 oi* 16
20.
18. 1/4 of’ 1/2
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